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Abstract
Let g be a complex, reductive Lie algebra. We prove a theorem parametrizing the set of
nilpotent orbits in g in terms of even nilpotent orbits of subalgebras of g and show how to
determine these subalgebras and how to explicitly compute this correspondence. We prove a
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Chapter 0
Notation
Throughout this text, we will use the following notations.
Let G be a complex Lie group and g be its Lie algebra. If x is an element of G, then Gx is
the centralizer of x and gq is the fixed points of Ad(x).
If o- is an automorphism of G, then G' is the fixed points of o- in G and go is the fixed points
of o in g.
G' is the derived subgroup of G and 9' is the derived subalgebra of g.
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0.1 Labeled Extended Dynkin diagrams
The following are the extended Dynkin diagrams of simple complex Lie groups G. The lowest
root is labeled in typewriter font above or to the left with the number 0. The remaining
roots in the extended Dynkin diagrams are labelled above or to the left in the typewriter
font with the number of the vertex in the Bourbaki labeling. For a fixed root system, the
root ai corresponds to the the vertex i. The labels below the roots are the coefficients ci so
that ao = -El cia and co = 1. Thus they satisfy the formula Ei=O cia = 0.
0
1
1 3 n-2 n-1 n
1 1 1 1 1 1
0
1 2 3 n-2 n-1 n
Bn 1 2 2 2 2 2
1
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Chapter 1
Introduction
Let G be a connected, reductive group with Lie algebra g. The first half of this paper will
concern the following theorem relating nilpotent elements in g to even nilpotent elements in
complex subgroups.
Theorem 1.0.1. Suppose G is a complex connected reductive group, with Lie algebra g.
Consider the collection X of all pairs (s, X) such that
1. s e G is an element of order 1 or 2;
2. X E g* is an even nilpotent element; and
0
3. For every homomorphism #0: S L(2) --+ G* with dop
(0
1
0
Then the orbits of G on X are in one-to-one correspondence
factor) with nilpotent orbits of G on g.
) = X, we have $(-I) = s.
(by projection on the second
The point of this theorem is the partition of the set of nilpotent elements according to
the (finitely many) conjugacy classes in G of order 1 or 2. For each s, the determination
of the corresponding set of nilpotent elements takes place in the (often smaller) Lie algebra
(g")' When g* is equal to g, then we are considering even nilpotent elements, which are
somewhat easier to work with.
13
Section 2 is devoted to making the classification in this theorem explicit. First we discuss
the classification of elements of order 2 using the method of Borel-de Siebenthal [3]. We
compute the centralizer of each order two element, then (for each simple g separately),
explain how to finish the classification of nilpotent element.
Section 3 is devoted to the classification of nilpotent elements in real Lie algebras. We
first use the idea of Cartan to replace questions about real forms by questions about holo-
morphic involutions (the Cartan involutions). We therefore begin with the extended group
Gr attached to an inner class of holomorphic involutions containing -Y.
Theorem 1.0.2. Suppose G' is an extended group for the complex reductive group G, corre-
sponding to an inner class of holomorphic involutions. Consider the collection Y of all pairs
(y, X) such that
1. y E GT\G;
2. X E gY is an even nilpotent element; and
3. for every homomorphism p: SL(2) -- (G")' with dop 0 1
(0 0
we have y 2 4(-I) E Z(G).
Then the orbits of G on Y are in one-to-one correspondence (by sending y to yp i
(0 -i
with equivalence classes of nilpotent orbits for strong involutions of (G, -y) corresponding to
the same inner class of holomorphic involutions.
The notion of equivalence classes of nilpotent orbits for strong involutions of (G, -y)will
be explained in detail in section 3.1. Again the point of the theorem is the partition of the
set of equivalence classes of nilpotent orbits for strong involutions of (G, -y) according to the
(finitely many) G-orbits in Gr\G of elements y for which y' is in the center of G. The G
orbits of such elements are closely related to automorphisms of G of order dividing 4. We
discuss the Kac classification of finite order automorphisms as it pertains to classifying the
G-orbits of such elements. We discuss, in several examples, how to compute this bijection
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explicitly, and how to find all equivalence classes of nilpotent orbits for strong involutions
from the even complex nilpotent orbits.
15
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Chapter 2
Complex Groups
2.1 Proof of Nilpotent Orbit Correspondence for Com-
plex Groups
We will first review what we will later need about nilpotent orbits in reductive Lie algebras.
Let G be a connected, reductive complex Lie group with Lie algebra g. Let T be a
Cartan subgroup with Lie algebra t. Let (R, X, Rv, Xv) be the root datum of (G, T) with
simple roots H. An element X E g is nilpotent if ad(X) is a nilpotent automorphism of g
and X E g'. A nilpotent orbit is a conjugacy class of nilpotent elements in B. There is a
correspondence between nilpotent orbits in g and unipotent conjugacy classes in G.
Let
1 0 0 1 0 0
HsL(2) = , XsL(2) , SL(2) =
A standard triple (H,X, Y) is any triple of the form (#(HsL(2)),#(XsL(2)), #(YsL(2))),
where #: s[(2, C) -> 9 is a homomorphism. One way to understand a nilpotent element X
is by understanding the possible standard triples it is contained in.
Theorem 2.1.1. (Jacobson-Morozov, Kostant, Mal'cev) Any nilpotent element X E g is
contained in a standard triple (H, X, Y). In fact, that nilpotent triple is unique up to con-
jugation by GX. Any two standard triples with the same semisimple element H are also
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conjugate.
This theorem implies that the conjugacy class of the nilpotent element X is determined
by the conjugacy class of any of the (mutually conjugate) elements H so that (H, X, Y) is a
standard triple.
In order to describe the nilpotent orbit of X, we describe the conjugacy class of the
possible elements H. Every semisimple element is conjugate to a unique element of the
maximal torus satisfying a(H) > 0 for every simple root a, and these numbers a(H) de-
termine the conjugacy class. This element H is called the distinguished semisimple element
corresponding to the nilpotent orbit. This information is encoded particularly nicely in the
weighted Dynkin diagram which attaches to each simple root in the Dynkin diagram a the
value a(H), called a weight. Using this theorem, one can assign any element nilpotent orbit
a unique weighted Dynkin diagram.
The weighted Dynkin diagrams associated to nilpotent orbits satisfy a strong constraint.
Theorem 2.1.2. The weights in the weighted Dynkin diagram associated to a nilpotent orbit
are all 0, 1 or 2.
Not all weighted Dynkin diagrams with only 0, 1, and 2 actually correspond to nilpotent
orbits. For each complex semisimple group, the set of weighted Dynkin diagrams correspond-
ing to nilpotent orbits has been determined.
We will discuss even nilpotent orbits, a smaller set of orbits, which we will show deter-
mines the remainder of the nilpotent orbits. Even nilpotent orbits are those orbits with a
weighted Dynkin diagram consisting only of 2's and O's.
Because SL(2, C) is simply connected, there is a bijection between complex-linear Lie
algebra homomorphisms s12 -* g and complex group homomorphisms SL(2, C) -+ G, where
the former is the differential of the latter. As a consequence, we find the following proposition.
Proposition 2.1.3. There is a bijection between conjugacy classes of homomorphisms
p: SL(2, C) -+ G and nilpotent orbits, where the nilpotent orbit corresponding to a conjugacy
class of homomorphisms G -p is G - dqp(XSL(2)).
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From this proposition, it follows that the conjugacy class of d#(XsL( 2)) (the nilpotent
orbit associated to 4) determines the conjugacy class of 4(-I). This conjugacy class of
elements of order 1 or 2 is an invariant of the nilpotent orbit that we will discuss extensively.
Even nilpotent orbits are characterized in terms of this invariant:
Proposition 2.1.4. Let G be a semisimple, simply connected, Lie group with maximal torus
T and root system R. Let g and t be the corresponding Lie algebras. Let p : SL(2, C) -> G
be the homomorphism corresponding to a nilpotent orbit 0. Then 0(-I) must be an element
of order 2 and #(-I) is central if and only if the orbit is even.
Proof. For the first part, note that 0(-I) 2  O(f)
For the second part, we will use the condition that an element exp(A) E G is central if
and only if ai(A) E 27riZ for every simple root ac. Let (H, X, Y) be a standard triple in g
with H in the maximal torus t and H dominant with respect to the simple roots 11, so that
the values a(H) are the values in the weighted Dynkin diagram for 0.
In SL(2, C), the exponential map satisfies exp(iirH) = -I, so that
4(-I) = O(exp(iriH)) = exp(7rid#(H)).
Then #(-I) is central if and only if a;(d4(H)) is an even integer for every simple root aj.
Hence the orbit 0 is even if and only if 0(-I) is in the center of G. 0
The following lemmas illustrate how much information about a homomorphism # is
contained in the order 1 or 2 element 0(-I).
Lemma 2.1.5. Let $: SL(2,C) -+ G be a homomorphism and let s = $(-I). Then the
image of # is in G".
Proof. The element -I is in the center of SL(2, C), so for any g E SL(2, C),
4(g)s = #(g(-I)) = 4(-Ig) = s(g).
0
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Let (G-)' be the derived subgroup of GS.
Lemma 2.1.6. Let E be a Lie group and let $: SL(2,C) -+ E be a homomorphism. Then
the image of $ is contained in the derived group E'.
Proof. The group SL(2, C) is semisimple and hence is its own derived subgroup. Any element
g E SL(2, C) is a product of elements of the form h1 h2 h 1 h21 . Hence, 4(g) is a product of
elements 4(h1)#(h2)#(h7')#(h21 ) as well, so that 4(G) is in the derived subgroup E'. 5
The following theorem characterizes nilpotent orbits in G in terms of even nilpotent orbits
of subgroups.
Theorem 2.1.7. The mapping (s, X) - X induces a bijection from the pairs (s, X) modulo
conjugation by G, where
1. s E G is an element of order 1 or 2;
2. X is an even nilpotent element in g; and
3. For every homomorphism 0: SL(2,C) -+ (G")' with dp(XSL 2 )) = X, the element
0(-I) = s.
to the nilpotent orbits of G.
Proof. The mapping is G-equivariant (under the conjugation action of G) so it induces a
map on G orbits.
The mapping takes a pair (s, X) to a nilpotent element X of G'. Any nilpotent element
of G' is also a nilpotent element of G, so the induced map takes a G-orbit of pairs (s, X) to
a nilpotent orbit of G.
If X is a nilpotent element in G, then by Proposition 2.1.3, there is a homomorphism
4: SL(2,C) -+ G such that 4(XSL(2)) = X. Let s = 0(-I). We will show (s,X) satisfies
the three properties listed. By Proposition 2.1.4, s has order 2. By Lemma 2.1.5, the image
of # is contained in G'. By Lemma 2.1.6, the image of # is contained in (G)'. Therefore
X is a nilpotent element in G'. Since s E Z(G"), Proposition 2.1.4 implies that X is
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an even nilpotent element in g8 . Let #1: SL(2, C) -+ Gs be another homomorphism with
d#1(XsL(2)) = X. Then by Theorem 2.1.1, the homomorphism #1 is conjugate to # in G'.
Thus #1(-I) is conjugate to s in GS. Since s E Z(Gs), it follows that #1 (-I) = s. Thus,
the pair (s, X) satisfies the properties listed and X is in the image of the mapping. Hence
G - X is in the image of the induced map and the mapping is surjective. Thus the induced
map is surjective.
Let (si, X 1 ) and (s 2 , X 2 ) be two pairs as in the theorem and suppose that g-X 2 = X 1. By
Proposition 2.1.3, there are homomorphisms #1: SL(2, C) -+ G-" and #2: SL(2, C) -+ GS2
so that d#1(XsL(2)) = X1 and d#2(XsL(2)) = X 2 . Then #1(-I) = si and #2(-I) = s 2 . Then
d(g - k2)(XSL(2)) = d41 (XsL( 2))
and by Theorem 2.1.3,
# 1 = h - (g - #2 )
for some h E G. Then
(si, X1) = hg - (s2 , X 2 )
and pairs (s1, X 1 ) and (S2, X 2 ) are conjugate. Hence, the induced mapping is injective. O
2.2 Conjugacy Classes of order 2 elements in complex
groups
For the remainder of this chapter, we will assume that G is a simple, semisimple, simply
connected, complex Lie group and explicitly describe the bijection in Theorem 2.1.7 in that
context. Let n be the rank of G, let T be a maximal torus of G with Lie algebra t and let
W = N(T)/T be the corresponding Weyl group. Let (X, R, X', RV) be a root datum of G,
and let P = ZR and Pv = ZRv denote the root lattice and the coroot lattice, respectively.
Let Q and Qv be dual to Pv and P, respectively. As G is simply connected, P' = X and
Q = X. Note that, with this choice of notation, Pv is not dual to P and Qv is not dual to
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Q. Let II be a set of simple roots of G, numbered according to the Bourbaki labeling. We
have included an appendix with these labels. Let Hi E t be the fundamental coweight for the
simple root ai, the element of t satisfying %! (Hi) = o6 y for 1 < i < n. Let ao = - En cia
be the lowest root of (G, T) with respect to II. Let co = 1, so that DE Ciai = 0.
The mapping e(H) = exp(2xriH) takes the Lie algebra t to the torus T and is surjective.
The kernel of the map e is the coroot lattice Pv. Since every element of G is in a maximal
torus conjugate to T, it follows that every element of G is conjugate to some element of T.
Two elements of T are conjugate if and only if they are conjugate by the Weyl group, so
the mapping e is a bijection from t/Was to the set of semisimple conjugacy classes in G,
where Waf = W x (Pv) is a group of isometries of t generated by W and the coroot lattice
acting by translation. One fundamental domain for t/Waf is the subset of t satisfying the
conditions
1. R(ai(H)) > 0 for each simple root ai (1 < i < n) and
2. R(ao(H)) 1 for the highest root ao.
This region is called the fundamental alcove. A more thorough discussion of this is in [5].
Proposition 2.2.1. The non-identity central elements in G are each of the form exp(wiH),
where ai(H) = 2 for one simple root a with ci = 1 and a(H) = 0 for every other root ac .
Proof. Any central element is the entirety of a conjugacy class in G. Thus it must be uniquely
of the form exp(2-xiH), where H is in the alcove described above, so that ai(H) > 0 for
each simple root as and E1 ciai(H) < 1. The central elements are of the form exp(27riH'),
where H' is in the coweight lattice, so each number a(H) must be integral and real. Since
the numbers c0 are all positive integers, the only non-zero possibility for H is that a(H) = 1
for exactly one simple root a which satisfies ca = 1 and 3(H) = 0 for all other simple roots
# E1H. I
The same technique will be used to identify elements whose square is central.
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Proposition 2.2.2. The conjugacy classes S of elements s E G with s2 E Z(G), but s V
Z(G) each contain a unique element of the form exp(-,riH), where H E t satisfies one of the
two conditions:
a) a (H) = 1 for one simple root a with ci = 2 and aj(H) = 0 for all other simple roots.
b) aj(H) = 1 for two simple roots a satisfying ci = 1 and aj(H) = 0 for all other simple
roots.
c) ai(H) = 1 for one simple root a satisfying ci = 1 and a3 (H) = 0 for all other simple
roots.
Proof. Exactly one element of the conjugacy class must be of the form exp(7riH), so that
a1 (H) > 0 for each simple root ai and EI ciai(H) < 2. Since the square exp(griH) 2
exp(27riH) is central, 2-riH must be in 2-riQV. Hence a(H) must be an integer for each simple
root a. Given that ao(H) = E"1 ciai(H) < 2, and a;(H) > 0 for every i E (1 ... , n), they
must each be either 0, 1, or 2. The only possibilities are those enumerated in the statement
of this theorem. 0
In order to understand real even nilpotent orbits, this set of elements whose square is
central will be important, whereas for understanding complex nilpotent orbits, we will also
need to understand the conjugacy classes of elements which are actually of order 2.
In the third case enumerated in the theorem, the square of the element in question must
be a non-identity central element. Only in the first two cases can the conjugacy class contain
elements of order 2. The second case can only occur when there are at least 2 simple roots
with c, = 1, which happens only groups of type A., D, and E 6 .
This theorem shows that there are at most finitely many conjugacy classes of order 2
elements. The group of type E8 has extended Dynkin diagram
3
1 2 3 4 5 6 4 2
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Table 2.1:
H so that exp(27riH) E Z(G), exp(iriH) 0 Z(G), and H/2 in fundamental alcove
G H=Hi,c. = 2 H = H, + H,,c = c =1 H=Hi,ci = 1
An none Hi+H 3 , 1 < i <j: n H,1 < i <n
Bn Hj, 2 < i < n none H1
Cn Hi, 1 < i < n - 1 none Hn
Dn Hi, 2<5i 5n- 2 (H1 + H_1), (H1+ Hn),(Hn-1 +Hn) H1, Hn- 1, Hn
G2 H 2  none none
F4  H 1, H 4  none none
E 6  H 2 7 H3 , H5  H 1 + H 6  H1,H6
E7 H 1, H 2 , H 6  none H7
E 8 H 1, H8 none none
so that the simply connected complex group of type has a trivial center, and there are two
conjugacy classes of order 2 elements corresponding to the right-most vertex and the second
vertex from the left in the diagram.
Below, we have listed the non-central conjugacy classes whose square is central in each
simply connected complex Lie group. We describe each conjugacy class in G by an element
H in the alcove for G, where exp(riH) is an element of that conjugacy class. All of these
are clear from Proposition 2.2.2 and the coefficients ci in the formula for the highest root.
For simply connected groups with non-trivial centers, this does not completely charac-
terize the set of order 2 elements, as some of the conjugacy classes mentioned in the theorem
may square to non-trivial central elements.
The Cartan matrix C associated to a group G has entries Cij = (ai, aY).
Lemma 2.2.3. Let H be an element of the Cartan subalgebra t. Let a be the vector with
entries ak = ak(H). Then exp(,riH) = 1 if and only if the entries of C-'a are divisible by
2 and exp(iriH) has order 2 if and only if the entries of C-'a are integral.
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Proof. The element
n
H = bjaY
j=1
for some coefficients bi. Let b be the vector with entries bj. The elements bj satisfy
n
ak = bj aka
j=1
so that
a = Cb
and
b = C-"a.
The element exp(riH) = 1 if and only if H/2 is a sum of coroots and exp(riH) has order 2
5if and only H is a sum of coroots.
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Table 2.2:
Inverse Cartan Matrices With Non-integer Entries
An_ Ci = min(i, j) - (n + 1 - max(i, j))/(n + 1)
BnC-1 min(i, j) if j n
ci- i/2 if j =n
C C-1 = min(i, j) if i 5 nC~j t /2 if i = n
min (i, j) if ij < n - 2
i/2 if i < n - 2,, j > n -1
Dn CZ' = j/2 if j < n - 2,i > n - 1
1/2 ifi=j>n-1
(n - 2)/2 if i 5 j,min(i,j) n -1
4/3 1 5/3 2 4/3 2/3
1 2 2 3 2 1
E6 5/3 2 10/3 4 8/3 4/3
6  2 3 4 6 4 2
4/3 2 8/3 4 10/3 5/3
2/3 1 4/3 2 5/3 4/3
2 2 3 4 3 2 1
2 7/2 4 6 9/2 3 3/2
3 4 6 8 6 4 2
E7  4 6 8 12 9 6 3
3 9/2 6 9 15/2 5 5/2
2 3 4 6 5 4 2
1 3/2 2 3 5/2 2 3
The matrices C-1 are included in [8], section
since they will be necessary for our argument.
13.2, table 1. We include them here as well,
From this and the preceding arguments, we can determine the set of non-central elements
of order 2.
For example, in E7 , there are non-integral entries in row 2, so the element exp(riH2)
does not square to the identity, even though its square is central. On the other hand, the
elements exp(iriH1 ) and exp(7riH6 ) do square to the identity, since the entries in the first
and sixth rows are integral.
We include a table of the order 2 elements in the simply connected, connected simple
groups organized in the same categories as in Proposition 2.2.2. I will describe each conjugacy
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Table 2.3:
H E t so that exp(iriH) is of order 2 and H/2 in fundamental alcove
G H = Hi,ci =2 H = H,1+ H,,c=c =1
An none Hi + Hn+1-i, 1 < i < n/2
Bn Hi, 2 < i < n-1 , i even none
Cn Hi, 1 < i < n - 1, none
Dn Hi, 2 < i < n - 2, i even Hn-1 + Hn if n odd
G2 H 2  none
F4  H 1 , H 4  none
E 6  H 2  H1+H6
E7 H1, IH6 none
E 8  H 1, H7 none
class in G by an element H satisfying ai(H) 0 for every simple root ai, ao(H) > -2 for
the lowest root ao, and exp(iriH) in the conjugacy class.
For An, the element exp(7ri(Hi, + Hi2 )) squares to the identity if and only Ci- + C-2 is
integral for every j. Since
(n + 1)C, = min(i, j) - (n + 1 - max(i, j))/(n + 1) _ -ij (mod n+1),
it follows that
(n + 1)Cj + Cg -(i 1 + i2 )j (mod (n + 1)),
so that Ci-y + C-, is integral for every j if and only if i 1 + i 2 = n + 1. Hence the elements
in An which square to the identity are exp(ri(Hi + Hn+1-i)) for 1 < i < n/2.
For all types other than An, the answer is clear from inspection, checking whether a single
row has only integral entries, or whether a sum of two rows has only integral entries.
In SL(n + 1, C), all order 2 matrices must be conjugate to diagonal matrices with all
eigenvalues ±1, where the conjugacy class depends on the number of -l's and l's. There
must be an even number of -1's. The Lie algebra element Hi + Hn+1-i is the diagonal matrix
whose first i entries are 1, next n - 2i + 1 diagonal entries are 0, and final i diagonal entries
are -1. The corresponding order two element exp(7ri(Hi + Hi)) has first i diagonal entries
equal -1, middle n - 2i diagonal entries equal to 1 and final i diagonal entries equal to -1.
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2.3 Order 2 Conjugacy Classes and the Weighted Dynkin
Diagram - Odd Orbits
So far, given a simply connected, connected, simple, semisimple complex Lie group, we have
determined all conjugacy classes of order 2 elements. For each homomorphism #: SL(2, C) -+
G, the element #(-I) must lie in one of these conjugacy classes. We now discuss how to
determine which one from the weighted Dynkin diagram. Recall that a homomorphism
#: SL(2, C) -+ G corresponds to an even nilpotent orbit if and only if #(-I) is central.
First, we will discuss odd orbits and the relation between the weighted Dynkin diagram
and the order 2 element corresponding to the nilpotent orbit.
Proposition 2.3.1. Let G be a simply connected complex reductive group.
1. Conjugacy classes of elements of order 1 or 2 in the adjoint group G/Z(G) are in bijec-
tion with Weyl group orbits on Qv/ 2Qv. The conjugacy class of the element exp(7riH)
is in correspondence with the orbit of the element with weights a(H) (mod 2).
2. Conjugacy classes of order 2 elements in G are in bijection with Weyl group orbits on
Pv/ 2 Pv. The element exp(wi Z (aiay)) is in correspondence with >' aiaf.
Proof. First, note that any conjugacy class of elements in G whose square is central contains
an element of the form exp(riH), where H is an integral combination of coweights, so that
every conjugacy class of elements of order 2 in G/Z(G) can be identified with a subset of
Qv. Since exp(27iiH) = 1 in the adjoint group whenever H is an integral combination of
coweights, every element of a coset in Qv/ 2Qv corresponds to the same conjugacy class.
Since elements of T/Z(9) are conjugate if and only if they are conjugate by the Weyl group,
it also follows that Weyl group orbits on Qv/ 2 Qv correspond to the same conjugacy class.
Any conjugacy classes of order 2 elements contains an element of the form exp(7riH),
where H E Pv, so every conjugacy class of element of order 2 can be identified with a subset
of Pv. Since exp(2wiH) = 1 in the adjoint group whenever H is an integral combination
of coroots, every element of the coset in Pv/ 2 Pv corresponds to the same conjugacy class.
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Since elements of T are conjugate if and only if they are conjugate by the Weyl group, it
also follows that Weyl group orbits on Pv/ 2 Pv correspond to conjugacy classes. O
When there are no order 2 elements in Z(G), this proposition makes it possible to identify
the conjugacy classes of order 2 elements associated to a nilpotent orbit from its weighted
Dynkin diagrams. For example, there is a nilpotent orbit in E6 with the following weighted
Dynkin diagram.
2 2
1 3 4 5 6
1 0 0 0 1
As E 6 has no order 2 elements in the center, conjugacy classes whose square is central
are not interchanged by central elements, so we may apply the first half of the Proposition
2.3.1. Since exp(Hi/2 + H 5 /2) was one of the order 2 elements and the vertices 1 and 5
are the only elements with 1's, the theorem immediately implies that the nilpotent order 2
element associated to this orbit is exp(Hi/2 + H5 /2).
For other nilpotent orbits in E6 , it is somewhat more difficult to determine the associated
order 2 conjugacy class. We will illustrate this for another nilpotent orbit of E6 , the one
with Dynkin diagram
2 2
1 3 4 5 6
1 1 0 1 1.
Let (X, H, Y) be the standard triple for this nilpotent orbit. We will only use the parity of
the weights mod 2 of the weighted Dynkin diagram, as this determines the element of order
2, so we will simply consider the weighted Dynkin diagram as
2 Even
1 3 4 5 6
Odd Odd Even Odd Odd .
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Then since conjugacy classes of order 2 elements are preserved by the Weyl group, we know
that the order 2 element exp(7riH) is conjugate to exp(7ri(s1(H))), where si is the reflection
associated to the left vertex. Z-weighted Dynkin diagrams correspond exactly to Z-gradings
of the root system, and Z/2Z weighted diagrams to Z/2Z gradings. The weighted Dynkin
diagram associated to s 1 (H) is of the form
2 Even
1 341 5 6
Odd Even Even Odd Odd,
where the parity of vertex 3 was changed. Then, let s6 be the reflection associated to the
right vertex, so that the element s6 s 1 (H) is of the form
2 Even
1 3 4 5 6
Odd Even Even Even Odd.
Therefore, exp(ri(H1 + H 6 )) = exp(ri(s6 s 1 (H))), so that exp(riH) is conjugate to
exp(7ri(H 1 + H6 ), one of the representatives of order 2 conjugacy classes we identified above.
Although this case does generalize somewhat, a few caveats should be pointed out.
In this case, a Weyl group element of length only 2 was needed to prove this equivalence.
In other cases, much longer elements of the Weyl group are needed. Especially in those cases,
it is not even clear how to generate such a Weyl group element. Of course, there are only
64 elements in Qv/ 2 Qv, so the search is finite and not too large, but it is not clear how to
proceed more efficiently. We will later discuss a method for finding the order 2 element from
the Dynkin diagram in this odd case that is more systematic.
Second, we used the fact that E, had no order 2 elements in the center since otherwise a
single conjugacy class would not correspond to a full Weyl group orbit on Qv/ 2 Qv. In other
groups, we can determine the element of the fundamental alcove associated to an order 2
element exp(7riH) E G by writing H in the coroot basis and applying the second part of this
proposition.
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The more general way of finding the element of the fundamental alcove associated to
exp(riH) follows from two lemmas below. The affine Weyl group Waif acts discretely and is
generated by the reflections si and the translation a'.
Lemma 2.3.2. Let H E t be a dominant element (a(H) ;> 0
exp(2,riH) = 1 and let ao be the negative of the longest root.
fundamental alcove of \I H + a'II < IIH ||.
Proof. Assume H is not in the fundamental alcove. Then
ao(H) < -1.
Then
= -(a', a') + 2(H, a')
= (ae, ()-1 
- a ,)
= l ||aeel12 (-1 - ao (H)).
Hence
||H12 -||H + av 12 > 0.
0
Proposition 2.3.3. Let H(0 ) E t. Then, for each i for which H(') E I is not dominant, let
aj, be a simple root in H so that a(ji)(H) < 0 and let H(j) = s H( 0 1 ). Then all H(') are
distinct and contained in t, and for some M, H(M) is dominant.
Proof. Let d(j) be the distance from a3 to ao on the Dynkin diagram. Assign a partial
ordering to the roots ai (0 < i < n) where ai < aj if the distance from d(i) < d(j) to ao.
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for every root a) so that
Then either H is in the
||H||12 - ||H + aV||2
Assign a partial ordering to the Weyl group orbit W - H(0 ) by letting H' < H if for some j,
ai(H') = ai(H)ifd(i)d(j),i54j
ao!(H') < aj(H)
Then if H() and ji are as in the proposition, then for d(k) < d(ji) - 1, the root ak must be
perpendicular to a, and so ak(H(')) = ak(H'+1 )). If d(k) = d(ji) - 1, then
ck(H+1) - ak(H( ± (aj, a)a,(H(2)).
Since (a, a') < 0 whenever j # k and is nonzero for at least one k with d(k) < d(ji) - 1,
we find that
H('+1) < H()
in the partial order on W -H(0). Thus, all of the elements H(') are distinct and in the Weyl
group orbit W - H('). As W is finite, this implies that for some M, H(M) is dominant. 0
These two lemmas allows for the following algorithm which, given an element H E t
so that exp(7riH)) is of order 2 returns the element H' of the fundamental alcove, so that
exp(7riH') is conjugate to exp(iriH):
Proposition 2.3.4. Let H( 0 ) be an element of the Cartan subalgebra t. Whenever H(')
is not dominant, let ji be a vertex of the Dynkin diagram so that aj,(H(')) < 0 and let
H('+1) = sj, (Hi). If H(') is dominant but not in the fundamental alcove, let H(i+1) = H +v.
Then for some N, H(N) is in the fundamental alcove and exp(27riH(N)) is conjugate to
exp(27riH(0 )).
Proof. By Lemmas 2.3.2 and 2.3.3, all the elements H(') are distinct and are conjugate to
H( 0 ) by the affine Weyl group and we have ||H(1)|| < ||HC0 )||. The affine Weyl group acts
discretely, so there are only finitely many such points. The final one, H(N) is dominant and
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in the fundamental alcove. As H(N) is conjugate to H(0 ) by the affine Weyl group, it follows
that exp(27riH(0 )) is conjugate to exp(27riH(N)) in G. 5
2.4 Order 2 Conjugacy Classes and Weighted Dynkin
Diagrams - Even Orbits
We now consider even nilpotent orbits. For semisimple, simple simply connected complex
groups with no order 2 elements in the center, e.g. An for n even, G2, F4 , E6 , and E8 , any
central order 2 element which squares to 1 must be equal to 1. For groups Bn, Cn, and
E7 , the center has order 2. In that case, exp(7riH) must be 1 if and only if 7riH is an even
integral combination of coroots, and it must be the other central element otherwise. This
can be determined individually for each group.
Proposition 2.4.1. Let H E [) be an element so that exp(27riH) = 1 and exp(7riH) is
central, for example, if (X, H, Y) is a standard triple associated to an even nilpotent orbit.
Then exp(riH) (equal to $(-I) when (X, H, Y) is a standard triple) is the non-trivial central
element of order two if the Dynkin diagram for H satisfies the following conditions:
1. An, n odd: a(n+1)/ 2 (H) = 2.
2. Bn: {i : a2i-1(H) = 2, 1 < i < (n + 1)/2} odd
3. Cn: an(H) = 2.
4. E 7 : An odd number of a 2(H), a5 (H), and a7 (H) are equal to 2.
5. D., n odd: |{i : 2 - 1(H) = 2, 1 < i < (n - 1)/211 odd
Proof. We use Lemma 2.2.3. Let v be the vector with entries ai(H) and C- 1 the inverse
Cartan matrix. In these cases, there is only one order 2 non-trivial central element, so a
Dynkin diagram for a nilpotent orbit corresponds to the non-trivial central element if it is
even (so that the order 2 element is central) and C- 1 v is non-integral (so that the order
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2 element is non-trivial). The conditions in the theorem are from inspecting the table of
elements C-'v. El
The situation for D2n is somewhat more complicated as there are more than 2 central
elements of order 2. The center of Spin(4n) is a Klein four group ([6], Chapter 10, Theorem
3.22).
Proposition 2.4.2. Let G = Spin(4n). The non-trivial elements of Z(G) are exp(2,riHj)
for j= 1,2n - 1,2n. Let H E 2Qv.
1. Let
1n-1
a = 2E a2j-1(H)
j=1
1b = a2n-1(H)
2
C = 1 a2n(H)
Then exp(7riH) = exp(27riH1)a exp(27riH2n- )b exp(2riH2n)c.
2. Suppose H is a dominant semisimple element of a standard triple for g.
(a) If a 2n(H) = a 2n- 1 (H) and |{j : a 2j- 1 (H) = 2,1 < j < n}| is even, then
exp(7riH) = I.
(b) If a2n(H) = a2n-1 (H) and I{ij : a 2j-1(H) = 2,1 < j n}I is odd, then
exp(7riH) = exp(7riH1 ).
(c) If a2n(H) 5 a2n- 1(H) and I{ij a2j-1 (H) = 2,1 < j 5 n}| is odd, then
exp(7riH) = exp(7riH2n- 1).
(d) If a2n(H) f a 2n- 1 (H) and I{j a2j-1(H) = 2,1 < j < n}I is even, then
exp(7riH) = exp(iriH2n).
Proof. This result can also be gleaned from looking at C-1. Let o be the projection from t
to t/Pv. From the expression for C- 1,
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o-(H2j) = 0 if j < n
o-(H2-1) = o (a' -1/2 + a' /2) if j < n
o-(~n1)= o-(( a 1/2) + ac_ 1/2)
exp(2wriH1). Then
2n
exp(iriH) = J exp(2riHj)a (H)/2
j=1
which implies the first part of this proposition.
For the second part, Theorem 2.1.2 and Proposition 2.1.4 imply that a (H) is equal to
0 or 2. The first part of this proposition and the group structure on the Klein four group
imply the characterization of exp(riH) in the second part of this proposition.
2.5 Centralizers of order 2 elements
For each order 2 element s in G, we will compute the centralizer G* and the elements in the
preimage of s in (G9)'. We will also use these results to compute the centralizer (G/Z(G))*
for each conjugacy class of order 2 elements s E G/Z(G).
Borel-de Siebenthal theory [3] computes the centralizers of the order 2 elements as follows.
Theorem 2.5.1. 1. Let s E G be a semisimple element of the form exp(riH), where
aYk(H) = 1 for one simple root ak with Ck = 2 and a(H) = 0 whenever i $ k. The
centralizer G' is a connected semisimple group. A set of simple roots for G* is given
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by {ao} U Il\ak and the corresponding Dynkin diagram is the extended Dynkin diagram
of G with respect to H with the vertex ak and all edges meeting ak removed.
2. Let s E G be a semisimple element of the form exp(,riH), where a(H) = 1 for two
simple roots ak, al with Ck = cl = 1 and /3(H) = 0 for all other simple roots 3. Then
G' is a connected reductive group. A set of simple roots for G' is {aO}UI\{oak, al } and
the corresponding Dynkin diagram is the extended Dynkin diagram of G with respect
to [1 with the vertices ak and a, removed along with all edges meeting them.
3. Let s E G be a semisimple element of the form exp(,riH), where a(H) = 1 for one
simple root ak with ck = 1 and aj(H) = 0 whenever i # k. The centralizer G* is a
connected semisimple group. A set of simple roots for G' is given by U\ak and the
corresponding Dynkin diagram is the Dynkin diagram of G with respect to H with the
vertex ak and all edges meeting ak removed.
In each of the cases enumerated in the theorem, we will refer to the basis roots given
here in Theorem 2.5.1 as 171.
Let s E G be an element of order 2. Below we will discuss the relationship between the
fundamental coweights for (G, H) and (G', 17"). We will divide into the two cases depending
on s.
First, suppose s is an order 2 element exp(wriHk), where ck = 2. The coweight basis Lj
of t for the pair (G, IT), is defined by the relations ai(Lj) = 6 ij for i, j E {0, .. . , k - 1, k +
1, ... , n}. The change of basis between {Hi} and {Lj} follows from the equation
Z ckak(H) = 0.
i-O
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They are given by
Hk = -2Lo
Hi = Li - ciLo if i # k
1Li = Hi -ciHk if i # 0.
2
Second, suppose s is an order 2 element exp(7ri(Hk + H1)), where Ck = c1 = 1. In this
case, the subgroup G' is not semisimple; it has a one-dimensional center. We will postpone
a discussion of how to compute the change of basis from the fundamental coweights of (G, T)
to those of (Gs, T) to Proposition 3.2.4. For all of the computations we will do to compute
the bijection in Theorem 2.1.7, the following observation about these changes of bases will
be sufficient. Let r be an order 2 automorphism of the Dynkin diagram of G. Let -y, be an
order 2 automorphism of G preserving T with 7,(Hi) = Hr(i). In all cases, such a Dynkin
diagram automorphism exists, H,(k) = H, -y,(LO) = LO and ci = cr(i). We can solve the
equation
n
Zci (i + r(ai)) (H) = 0
i=O
to find that
Hk+ H = -2Lo (2.1)
Hi + HT(i) = Li + L,(i) - 2ciLo if i # k, 1 (2.2)
Li + LT(i) = Hi + Hr(i) - ci(Hk ± HI) if i # 0. (2.3)
Let s = exp(riH), where H is as in Proposition 2.2.1. Let (Gs)' be the universal cover
of (Gs)' and let o- G8 - Gs be the projection. The following proposition enumerates the
central elements of (GS)'.
Proposition 2.5.2. Let s = exp(,riH,), where H./2 is in the fundamental alcove. For
each component C of the Dynkin diagram of (Gs)' presented in Theorem 2.5.1, denote the
coefficients of the highest root of the corresponding group ac = nicai. Any element of
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Z((Gs)') is of the form expip(2,riH) where H = Ec EiEC a1Lj and Ziec ajLj is of the
form presented in Proposition 2.2.1 for each component C of the Dynkin diagram.
Let S be the set of elements x in (Gs)' so that c-(x) = s. The elements of S can be
determined from the following lemma.
Lemma 2.5.3. Let H. E t be a Lie algebra element and let s = exp(iriH.). Let Hx E t. The
element x = expG~,(27riHz) satisfies o-(x) = s if and only if H, - Hs/2 E P'.
Proof. The element o-(x) = s if and only if
o-(x)s- 1 = exp(27ri(H2 - H,/2)) = I,
which is true if and only H, - H,/2 E Pv.
Note that S I = and in every case, this is either 1 or 2. In other words, theNote tht A -- IZ(G-1II
cover GS is either a single or double cover of G'. Prom the changes of bases above, it follows
that s is always of the form exp(-27riLo). Since s = s-1, this implies that s is always of the
form exp(27riLo). This determines one element of S.
Below is a table of conjugacy classes of order 2 elements and the corresponding set S,
where an element of S is described by an element H of t written as a linear combination of
fundamental coweights for Gs, so that expg(27riH) = s and H is in the fundamental alcove
for (Gs)'.
38
Table 2.4:
Conjugacy Classes of Order 2 Elements and Related Data
G s = exp(7riH) GS type 0o--(s)
A, n > 1 Hi + HT 1-, 1 < i < n/2 A 2 - 1 x An-2i Lo
Bnn>2 Hi,4<i<n-1,ieven Di x Bi Lo,Lo+ Lj+1
Cn,n2>3 Hi,1I <i <n-1I Ci XC._i Lo
Dn,n>4even Hj,1<i<n-4,ieven DixDni Lo,Li+Li+1
H2  A 5 x A1  Lo, L 4
6 H1 + H6  D5  Lo
H1  D 6 x A1  Lo, L3
E7  H6  D 6 x A1  Lo, L2 + L7
H1  D8 Lo, L2
£8 H8  E7 x A1  Lo, L6
H1  C 3 x A1  Lo, L2
F4  H 4  B 4  Lo
G2 H 2  A 1 xA 1 Lo, L1
We have identified that if 0 is an odd nilpotent orbit and #: SL(2, C) -+ G is a corre-
sponding homomorphism and (X, H, Y) the standard triple, then the orbit 0 intersects the
centralizer GO(-,). The Dynkin diagram for 0 is given from that of 0 n G"(-') by a change
of basis from the basis {Lj} to the basis {HJ. For example, consider the group G = E with
central element s = Hi + H6 . Then G' = D5. One nilpotent orbit of D5 has the Dynkin
diagram
00
260
1 34 5 6.
0 20
By equation 2.2, this corresponds to e element 2L 4 = 2H 4 - 3H 1 - 3H6 , which is
associated to the order 2 element exp(27riLo) from our classification of central elements in
Dn. The element 2H 4 - 3Hi - 3H 6 corresponds to the Dynkin diagram
0
20
1 3 4 5 6.
-3 0 239 0 -3
By applying the algorithm in Lemma 2.3.3, we find that the diagram of the dominant
element of t conjugate to this one is
0
200
1 3 4 5 6.
0 1 0 1 0
2.6 Correspondence in SL(n, C)
We will show how the bijection in Theorem 2.1.7 occurs in SL(n, C).
The elements of order 2 are diagonalizable and have only eigenvalues 1 and -1. Therefore,
they are conjugate to diagonal matrices with only 1 and -1 on the diagonal, where the
number of -1 entries must be even due to the determinant constraint. The only central
element of order 2 is -I, which is only in the group when n is even.
The non-central elements s of order two have centralizers (GL(V) x GL(V_1)) n SL(n),
where V1 is the 1-eigenspace of s and V_1 is the -1 eigenspace of s, which must be even-
dimensional.
In SL(n, C), nilpotent orbits are in bijection with partitions. Homomorphisms from
SL(2, C) to SL(n, C) are n-dimensional representations of SL(2, C). Let V be the n-
dimensional representation of SL(2, C). Then, then the partition p corresponds to any rep-
resentation of the form (pEpV. For any irreducible representation #n: SL(2, C): SL(n, C),
the matrix dqn(HsL(2)) is diagonalizable with eigenvalues n - 1, n - 3, ... , -3 - n, -1 - n.
Hence 4,(-I) = exp(riHsL(2)) has all eigenvalues equal to 1 (resp. -1) if n is odd (resp.
even).
Let T be the diagonal maximal torus of SL(n, C) with Lie algebra t. Let Eij be the n by
n matrix with (i,j) entry equal to 1 and all other entries equal to -. Define ei E t* to be
the linear functional so that ei(Egy) = o6j. Then simple roots consistent with the Bourbaki
labeling are given by
i= i- e+ 1 for 1 i n - 1.
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Either by direct evaluation or, from Proposition 2.2.1 (since any two formulas for the
only non-trivial central element must agree), we find that exp(2wiH(n+1)/2 ) = -I when n is
odd.
For rn even, the element exp(iri(Hm/ 2 + Hn-m/2) is diagonal with an m-dimensional -1-
eigenspace V and an n - m-dimensional 1-eigenspace V_1 .
Proposition 2.6.1. Let G = SL(n, C). Let #: SL(2, C) -- SL(n, C) be a homomorphism
corresponding to a partition p.
1. The partition p has only even parts if and only if 0(-I) = -I = exp(2wiHn/2 ) and the
partition p has only odd parts if an only if 0(-I) = I.
2. If a partition p has even parts Peven adding up to m and odd parts Podd adding up to
n - rn, then the corresponding order 2 element s is conjugate to the element with a
-1 eigenspace V_1 of dimension m and a 1 eigenspace V of dimension n - rn. It is
conjugate to exp(7riHm/2 + Hn-m/ 2 ) and has centralizer G' = (GL(V-1) x GL(V1)) n
SL(n) = (GL(m) x GL(m - n)) n SL(n).
3. The partition $ is of the form $ = $ven E $ods, where Oa : SL(2, C) -+ SL(V1 ) corre-
sponds to the permutation Podd as a homomorphism into SL(m) and pkeen: SL(2, C) ->
SL(V_1) corresponds to the permutation Peven as a homomorphism into SL(n - in).
Proof. These follow from the representation theory of SL(2, C). The representation factors
as
C"= Vi,
piEp
where Vi has dimension pi and is an irreducible representation of SL(2, C). The eigenspaces
of 0(-I) are
V1 = Vi
i: pi odd
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and
V 1 = vi,
i: pi even
each of which is a subrepresentation of C'. Hence, if p has only even parts, then #(-I) = -I,
and if p has only odd parts, then #(-I) = I and the nilpotent element d4(XsL( 2)) is even.
Otherwise, the dimensions of V1 and V_1 imply that p is conjugate to exp(griHm/2 +Hn-m/ 2 ),
where m is the sum of the even parts of p. Let #,aa be the restriction of the representation #
to V1 and let #even be the restriction of the representation # to V1. From the decompositions
of V1 and V_1 into irreducibles, it follows that #$3,3 corresponds to the partition Podd and
#ee corresponds to the partition Peen. From the sum of representations C = V1 D V_1 , it
follows that # = even ( #Om3.
2.7 Correspondence in Sp(2n, C)
In this section, we will discuss the correspondence in Theorem 2.1.7 in the context of the
partition classification of nilpotent orbits in Sp(2n, C). In order to do determine the nilpotent
element associated to each partition for Sp(2n, C), we will use the standard triples in the Lie
algebra as in [4]. The semisimple element of the standard triple will determine the nilpotent
orbit associated to the partition.
In sP2n, nilpotent orbits are in bijection with partitions of 2n, where all odd parts occur
an even number of times. The Lie algebra sP2n may be realized as the set of matrices:
(1A1 A2
: Ai n x n matrix, A2, A 3symmetric
A3 -Ai )
A maximal torus t is given by the diagonal matrices in SP2n. Let ei be the linear functional
on t picking out the nth entry. The roots of sp, are {iei i ej, 2ek : 1 < i, j 5i n, 1 < k < i }.
A set of simple roots with the same numbering as the standard Dynkin diagram is given by
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e; - ei+1 if 1 < i < n -1
ai =
2e, if i = n
xc Let Eij be the matrix with one in the (i,j) entry and zero everywhere else.
To attach the semisimple element H, of a standard triple to a partition p, we break the
partition into chunks which are each either pairs of equal odd parts, or single even parts. To
each even even chunk of size q, assign consecutive indices {j + 1, . . . , j + q} and for an odd
chunk with a pair of equal parts of size 2r +1, assign consecutive indices {l +1, .. . , 1+ 2r + 1}
so that the the indices assigned to different chunks are disjoint. Any such choice of chunks
will lead to the same orbit. Then, for each even chunk C, let
q
Hc = (2q - 21 + 1)(Ej+,,j+l - En+j+l,n+j+l)
L=1
and for an odd chunk C with two parts of size r,
2r
Hc = Z(2r - 2m)(E+1+mi+1+m - En+1+1+m,n+i+1+m)-
m=0
Adding up all of the elements Hc gives the semisimple element Hp in the standard triple.
Since we have not specified which indices are attached to each chunk, we have only specified
Hp up to conjugacy.
Using these standard triples and the following proposition, we can compute the order 2
element associated to each nilpotent orbit.
Proposition 2.7.1. Let 4: SL(2, C) -+ Sp(2n, C) be a homomorphism corresponding to a
partition p.
1. The partition p has only odd parts if and only if 4(-I) = I and p has only even parts
if and only if 0(-I) = -I = exp(27riHn).
2. If p has even parts adding to 2m and odd parts adding to 2n - 2m, then 4(-I) is
conjugate to exp(,rifHm), which has centralizer Sp(2m) x Sp(2n - 2m).
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Proof. Since Sp(2n, C) embeds in SL(n, C), the matrix exponential is equal to the group
exponential. From Proposition 2.2.1, exp(21iH,) is the only nontrivial central element of
Sp(2n, C) and so exp(2wiHn) = -I.
As in SL(n, C), the partition p has only even (resp. odd) parts if and only if all diagonal
entries of the diagonal matrix H, are odd (resp. even), so that exp(7riH,) = -I (resp.
exp(riH) = I) if and only if the partition has only even (resp. odd) parts.
For the second part, assign indices to the chunks so that the first m indices are assigned
to the chunks containing a pair of equal odd parts and the last n - m indices are assigned
to the chunks containing even parts. Then the diagonal matrix exp(iriH,) has first m
diagonal entries equal to 1 and the next n - m diagonal entries equal to -1, the next n - m
diagonal entries equal to 1 and the next m diagonal entries equal to -1, and the final
n - m entries equal to 1. The fundamental coweight Hi (for 1 < i < n - 1) is a diagonal
matrix with first n - m diagonal entries equal to 1, next m diagonal entries equal to 0,
next n - m diagonal entries equal to -1 and last m diagonal entries equal to 0. For this
ordering exp(wiH) = exp(7riH,), and from Theorem 2.5.1, the centralizer GexP(i"HP) is equal
to Sp(2m) x Sp(2n - 2m).
2.8 Correspondence in G2
We will discuss nilpotent orbits in type G 2 in order to illustrate how the techniques we have
discussed allow a computation of the bijection in Theorem 3.1.13. Let G be the connected
simply connected, complex group with Lie algebra G 2. Denote the extended diagram
1 2 0
The even nilpotent orbits in G2 can be found in [4], and have the following weighted
Dynkin diagrams, where we let H4 be the semimsimple element in the corresponding standard
triple.
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i1(HO) at2 (HO)
0 0
0 2
2 2
We may apply the algorithm in Proposition 2.3.4 to find an element H, so that exp(riH,)
is conjugate to exp(iriHo) and in the fundamental alcove. Since the center of G2 is trivial,
H, = 0 in all cases.
The non-central order 2 elements in G are all conjugate to s = exp(7riH2), which has
centralizer G' of type A1 x A1 where the simple roots of G' can be chosen to be ao and ai
by Theorem 2.5.1. Below we have listed all of the Dynkin diagrams for even nilpotent orbits
in G'.
00O(HO') a2(H.O)
0 0
2 0
0 2
2 2
The simply connected cover G of G' is isomorphic to SL(2) x SL(2). Let H' E t be the
element so that H,/2 is in the fundamental alcove and conjugate to H,/2 by the affine Weyl
group of G. An element H, corresponds to a nilpotent orbit in G2 by the correspondence
in Theorem 2.1.7 if and only if H'/2 is conjugate to LO or L2 by the affine Weyl group
of Gs. From our discussion of nilpotent orbits in SL(n, C), from Proposition 2.3.4, or from
recognizing that in all cases Hg,/2 already is in the fundamental alcove, we can identify which
order 2 elements associated to each of the nilpotent orbits in A1 x A1 . These elements H'
are listed in the table below.
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ce1(H') ao(H') a1(H',) azo(H',)
0 0 0 0
2 0 2 0
0 2 0 2
2 2 2 2
For the elements H', where H' = 2Lo or H' = 2L 2 , we find
equation ao(H,) + 3a1(H') + 2Q2 (H'l) = 0.
the value ai(H') from the
Finally, we apply Lemma 2.3.3 to find an element H4 E t, which is conjugate to H' by
the Weyl group of G and dominant with respect to 11, the simple roots for (G, T). The
results are listed in Table 2.5.
Table 2.5:
This produces the form of the bijection in Theorem 2.1.7 on Dynkin diagrams. The same
algorithm can be followed for any group to find the correspondence explicitly. In section 2.9,
we list the bijection for the remaining exceptional groups.
2.9 Correspondence for Exceptional Groups
We have included the correspondence in Theorem 2.1.7 below. For this, we use the following
notations. Let G be an (exceptional) group, let T be a torus in G and let II be a set of
46
a 1(H,) a 2(H,) ao0(H,)
2 -3 0
0 -1 2
a1(H') a2 (H.') ao(H' a1(HO) a2 (HO) ao(HO)
2 -3 0 1 0 -3
0 -1 2 0 1 -2
simple roots for (G, T). The element Hp is the dominant semisimple element in t which is in
a standard triple for the nilpotent orbit 0, so that the elements ai (Hp) are the coefficients in
the Dynkin diagram. The element H, is an element of t for which H,/2 is in the fundamental
alcove and exp(riHp) is conjugate to exp(7riH,). Let s = exp(27riH,). Let H, be the set of
simple roots for G' given in Theorem 2.5.1. Let G' be the universal cover of (Gs)' and
o: Gs -+ Gs
be the projection. Let #: SL(2, C) -+ G' be a homomorphism so that r(#(7riHSL(2))) =
exp(7riH,). Then H. is the dominant element of t conjugate to d#(HsL( 2)) by G~'. We list
below the values of #i (HS,), where #i are the roots of g" as numbered as in the diagram.
These are coefficients of the weighted Dynkin diagram of the corresponding nilpotent orbit
in gy. The element H E t is the element so that H,/2 is in the fundamental alcove for (G)'
with respect to the simple roots HII and exp(7riH') is conjugate to exp(7riH,).
Table 2.6:
Nilpotent Orbits in type G2
G Gs
ail a2 1 32
H, Hs H H'
0 0 0 0
0 1 0 1 0 2 0 2
1 0 0 1 2 0 2 0
2 0 0 0
2 2 _0 0
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Table 2.7:
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Nilpotent Orbits in Type F4
G G
ai a 2  a 3  a4 #81 #2 /3 34 31 32 33 34
Ho Hs H/ Hs, H' Hs'
0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 2 0 0 0 2 0 0 0
0 0 0 1 0 0 0 1 2 0 0 0 2 0 0 0
0 1 0 0 1 0 0 0 0 2 0 0 0 2 0 0
2 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 1 0 0 0 0 1 0 0 2 0 2 0 0 0
2 0 0 1 0 0 0 1 2 2 0 0 2 0 0 0
0 1 0 1 1 0 0 0 2 0 2 0 2 0 0 0
1 0 1 0 1 0 0 0 0 2 0 2 0 2 0 0
0 2 0 0 0 0 0 0
2 2 0 0 0 0 0 0
1 0 1 2 1 0 0 0 0 2 2 2 0 2 0 0
0 2 0 2 0 0 0 0.
2 2 2 2 10 0 0 011
Table 2.8:
Table 2.9:
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Nilpotent orbits in type E 6 with H, = H2
a1  C3 04 C5 06 /2 /33 /4 35 06
Ho Hs Ho Hs,
0 1 0 0 0 0 0 1 0 0 0 0 2 0 0 0 0 0 2 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 2 0 0 0 0 0 2 0 0
1 1 0 0 0 1 0 1 0 0 0 0 2 2 0 0 0 2 2 0 0 0 0 0
1 0 0 1 0 1 0 1 0 0 0 0 2 0 2 0 2 0 2 0 0 0 0 0
0 1 1 0 1 0 0 1 0 0 0 0 0 2 0 2 0 2 0 0 0 2 0 0
1 1 1 0 1 1 0 1 0 0 0 0 2 2 2 0 2 2 2 0 0 0 0 0
2 1 1 0 1 2 10 1 0 0 0 0 10 2 2 2 2 2 10 0 0 2 0 0
Nilpotent Orbits in type E6 with H. = H1 + H5
01
4a2  /302
a1  a3  a4  a5  6  4 83 )35
H4  HS H_ _ H'I
1 0 0 0 0 1 1 0 0 0 0 1 2 0 0 0 0 2 0 0 0 0
0 0 1 0 1 0 1 0 0 0 0 1 0 0 2 0 0 2 0 0 0 0
1 2 0 0 0 1 1 0 0 0 0 1 2 2 0 0 0 2 0 0 0 0
1 2 1 0 1 1 1 0 0 0 0 1 2 2 0 2 2 2 0 0 0 0
Table 2.10:
Even Nilpotent Orbits in E37
a, 3 a4 a5 Cf6 a7
_____ Ho______ I_ Hs
0 0
0 0
2 0
0 0
0 2
2 0
0 0
2 0
2 0
0 0
2 0
0 0
2 0
0 0
2 0
0 0
0 0
2 0
2 0
2 0
2 0
2 2
2 2
2 2
0 0
0 0
0 0
0 2
0 0
0 0
0 0
0 0
0 2
2 0
0 2
0 0
2 0
0 2
0 2
0 0
0 2
0 0
0 2
0 2
0 2
2 0
2 2
2 2
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
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Table 2.11:
Nilpotent orbits for type E7 with H, = Hr
1 a2 
1 32
C 1  a3 a 4  a5 a6 a7 i31 33 )34 /35 06 #7
HO H, O s
1 0 0 0 0 0 0 1000000 2 0 0 0 0 0 0 2000000
0 0 1 0 0 0 0 1000000 0 0 2 0 0 0 0 0020000
1 0 0 0 0 1 0 1000000 2 0 0 0 0 2 0 2000000
0 0 1 0 0 1 0 1000000 2 0 0 2 0 0 0 2000000
1 0 0 1 0 0 0 1000000 0 0 2 0 0 2 0 0020000
0 1 1 0 0 0 1 1000000 2 0 0 0 2 0 2 2000000
2 1 1 0 0 0 1 1000000 2 0 0 0 2 2 2 2000000
1 0 0 1 0 1 0 1000000 2 0 0 2 0 2 0 2000000
1 0 0 1 0 2 0 1000000 0 0 2 2 0 2 0 0020000
2 1 1 0 1 1 0 1000000 2 0 0 2 2 2 2 2000000
Table 2.12:
Nilpotent orbits for type Er with H, = H1
ai 3 a4 a5 06 a 7 )31 02 )33 /34 /36 )37
HO H_ O Hs
0 0 0 0 0 1 0 0000010 2 0 0 0 0 0 0 2000000
0 1 0 0 0 0 1 0000010 0 0 0 0 2 0 2 0000202
0 0 0 1 0 0 0 0000010 0 0 0 2 0 0 0 2000000
2 0 0 0 0 1 0 0000010 2 2 0 0 0 0 0 2000000
1 0 0 0 1 0 1 0000010 0 2 0 0 2 0 2 0000202
0 0 0 1 0 1 0 0000010 2 0 0 2 0 0 0 2000000
2 0 0 1 0 1 0 0000010 2 2 0 2 0 0 0 2000000
1 0 0 1 0 1 2 0000010 0 2 0 2 2 0 2 0000202
0 1 1 0 1 0 2 0000010 2 0 2 0 2 2 0 2000000
2 1 1 0 1 0 2 0000010 2 2 2 0 2 2 0 2000000
2 1 1 0 1 2 2 0000010 2 2 2 2 2 2 0 2000000
51
Table 2.13:
Nilpotent Orbits in type E8 with H, = H1
*
a1  03 a4  a 5  a 6  0 7  a8  02 33 04 5 /6 /07 /8
H4  H. H H'
1 0 0 0 0 0 0 0 10000000 0 0 0 0 0 0 0 2 20000000
0 1 0 0 0 0 0 0 10000000 2 0 0 0 0 0 0 0 02000000
0 0 0 0 0 1 0 0 10000000 0 0 0 0 0 2 0 0 20000000
1 0 0 0 0 0 0 2 10000000 0 0 0 0 0 0 2 2 20000000
0 0 0 0 1 0 0 0 10000000 0 0 0 2 0 0 0 0 20000000
0 0 1 0 0 0 0 1 10000000 2 0 0 0 0 0 2 0 02000000
1 0 0 0 0 1 0 0 10000000 0 0 0 0 2 0 0 2 20000000
1 0 0 0 1 0 0 0 10000000 2 0 0 0 2 0 0 0 02000000
1 0 0 0 0 1 0 2 10000000 0 0 0 0 2 0 2 2 20000000
0 0 0 1 0 0 0 1 10000000 0 0 0 2 0 0 2 0 20000000
0 0 0 1 0 0 1 0 10000000 0 0 2 0 0 2 0 0 20000000
1 0 0 1 0 0 0 1 1000000 2 0 0 0 2 0 2 0 02000000
0 0 1 0 0 1 0 1 10000000 0 0 2 0 0 0 2 2 20000000
0 1 1 0 0 0 1 0 10000000 0 0 0 2 0 2 0 2 20000000
0 1 1 0 0 0 1 2 10000000 0 0 0 2 0 2 2 2 20000000
2 1 1 0 0 0 1 2 10000000 0 0 0 2 2 2 2 2 20000000
1 0 0 1 0 1 0 1 10000000 0 0 2 0 2 0 2 2 20000000
1 0 0 1 0 1 1 0 1000000 2 0 2 0 2 0 2 0 02000000
2 1 1 0 1 1 0 11 000000010 0 2 2 2 2 2 2 20000000
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Table 2.14:
Nilpotent Orbits in type E8 with H, = H8I t2 1/32
e1 Q3 C4 C5 C6 f7 C8 01 /33 134 )35 06 /37 /8
HoI Hs H 8 H,
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 0 0
1 0 0
0 0 0
0 0 1
0 0 1
1 0 0
0 0 1
0 1 0
1 0 1
0 1 0
1 0 1
1 0 1
1 0 1
1 0 1
1 0 1
0 1 0
0 1 0
0 1 2
2
2
2
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
00
0
0
0
0
0
0
0
0
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Chapter 3
Real Groups
3.1 Proof of Nilpotent Orbit Correspondence for Real
Groups
Let G be a complex reductive, simply connected, connected Lie group. Let T be a maximal
torus of G and let (R, X, Rv, XV) be a corresponding root datum and let l~ be a set of simple
roots for G.
Definition 3.1.1. 1. A real form of G is an antiholomorphic Lie group involution o- of
G. For a real form o, let
G(R,) =Go
and let g(R, o-) be the Lie algebra of G(R, o-). A compact real form is a real form o-
such that G is compact. An equivalence class of real forms is a G conjugacy class of
real forms of G.
2. A Cartan involution 0 for a real form o- is a holomorphic involution such that UO is a
compact real form. For a holomorphic involution 0, let
Ko = G
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and let po be the -1-eigenspace of 9 on g. If 9 is a Cartan involution for a real form
o-, let
K(R, o-, 0) = (Go) 0 .
An equivalence class of holomorphic involutions is a G-conjugacy class of holomorphic
involutions of G.
Cartan's theorem below describes the relation between real forms of G and holomorphic
involutions of G.
Theorem 3.1.2. ([11], Proposition 1.143)
1. Let 00 be a real form of G. Then there is a compact real form o-e of G that commutes
with o-. This compact real form is unique up to conjugation by G'7O. The composition
0 = O0 or-
is a Cartan involution for the real form o-0 .
2. Suppose 9 is an holomorphic involution of G. Then there is a compact real form o-c of
G that commutes with 0. This compact real form is unique up to conjugation by K9.
The composition
Oo = 0 or,
is a real form of G.
3. The constructions above define a bijection between equivalence classes of real forms of
G and equivalence classes of holomorphic involutions of G.
Definition 3.1.3. 1. Let a be a real form. A nilpotent element for o- is a nilpotent
element of g in g(R, o-). A nilpotent orbit for the real form o- is a G(R, a)-conjugacy
class of nilpotent elements for a.
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2. Let 9 be a holomorphic involution. A nilpotent element for 0 is a nilpotent element
in po. A nilpotent orbit for the holomorphic involution 9 is a Ko-conjugacy class of
nilpotent elements for 0.
Let
XSL(2) = ( 0 1
-1 0
The involution OsL(2) = Ad(xsL(2)) acts as a Cartan involution for the real form
USL(2) : SL(2, C) --+ SL(2, C), g g
with GOSL(2 = SL(2, R). Let
XsL(2),o = ( i
1
1
E s[(2, C).
-i/
1. Let o- be an antiholomorphic involution of G. An SL(2)-homomorphism
for o- is a homomorphism
#: SL(2, C) -+ G
such that
0- 0 = 0 0 ~SL(2)
2. Let 0 be a holomorphic involution of G. An SL(2)-homomorphism for 9 is a homo-
morphism
#: SL(2, C) -- G
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Definition 3.1.4.
such that
0 o p = $ o OSL(2)-
The Kostant-Sekiguchi bijection below relates nilpotent orbits for real forms and nilpotent
orbits for holomorphic involutions.
Theorem 3.1.5. ([4], Theorem 9.5.1) Let 0 be a Cartan involution for the real form o-.
Let X be a nilpotent element for the real form o-. Then there is a homomorphism # for o
such that
d@(XSL(2)) = X.
Then $ is conjugate by an element of G(R, -) to an SL(2)-homomorphism $' for 0 and o-.
The homomorphism $' is determined up to conjugacy by the group K(R, o, 0). The element
d@'(XsL( 2),e) is a nilpotent element for 0.
Let X be a nilpotent element for the holomorphic involution 0. Then there is a homomor-
phism $ for a such that
d$(XsL( 2), 0) = X.
Then $ is conjugate by an element of K to an SL(2)-homomorphism $' for 0 and o-. The
homomorphism p' is determined up to conjugacy by the group K(R, o, 0). The element
d'(XsL( 2)) is a nilpotent element for a.
The constructions above define a bijection between nilpotent orbits for the real form 0- and
nilpotent orbits for the holomorphic involution 9.
Definition 3.1.6. 1. An inner class of automorphisms of G is the set
{Ad(x)y : x E G}
for a fixed automorphism -y of G of order two.
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2. Let -y be a fixed automorphism of G. Let
G = G {1,}
where 6g- 1 = y(g) and j2 = 1.
The group G' has two connected components, one of which is G x {1}, which we will
refer to as G.
3. A strong involution of (G, y) is an element x E Gr\G such that X2 E Z(G). Let
Ox = Ad(x), let K2 = G', and let px be the -1 eigenspace of O2. We define an
equivalence class of strong involutions to be an orbit of G under the conjugation action.
A G-orbit of strong involutions is an equivalence class of strong involutions.
The map
x5 - Ad(x)-y
takes strong involutions of (G, -y) onto holomorphic involutions of G in the inner class of -Y.
For any holomorphic involution 0 = Ad (x)-y in the inner class of -y, the pre-image of 0 under
this map is xZ(G)6. This map induces a map of equivalence classes of strong involutions
of (G, -y) to equivalence classes of holomorphic involutions for G. For this induced map, the
pre-image of an equivalence class of holomorphic involutions G - Ad(x)y has cardinality at
most IZ(G)I, but the cardinality may be smaller.
Definition 3.1.7. A nilpotent element for a strong involution x of (G, -y) is a nilpotent
element for Ad(x). An equivalence class of nilpotent elements for strong involutions of
(G, -y) is a G-orbit of pairs (x, X), where X is a nilpotent element for the strong involution
x. An equivalence class of nilpotent elements G - (x, X) for strong involutions of (G, -Y) is
said to be an equivalence class of nilpotent orbits for G - x.
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Equivalence classes of nilpotent elements for strong involutions of (G, -y) are related to
nilpotent orbits for a fixed strong involution by the following proposition.
Proposition 3.1.8. 1. Let G - x be an equivalence class of strong involutions for (G, -y)
and let ( be an equivalence class of nilpotent orbits for G - x. Then the set
09' = {X E g: (x,X) E 0} C P2
is a nilpotent orbit for the holomorphic involution 02.
2. The above construction gives a bijection between nilpotent orbits for the equivalence
class of strong involutions G . x and nilpotent orbits for the holomorphic involution x.
Proof. For the first part, the set
{X E g: (x,X) E 0}
is a K2 orbit of nilpotent elements for Ox, and is hence a nilpotent orbit for Ox.
For the second part, any nilpotent orbit K2 - X for 0 x is contained in the equivalence
class of nilpotent orbits G - (x, X) for the equivalence class of strong involutions G - x. The
construction in the first part takes G - (x, X) to Kx - X.
Proposition 3.1.9. The map
(X, 4) F- (x, d#(XSL(2),9))
induces a bijection between G-orbits of pairs (x, $), where
1. x is a strong involution of (G, -y) and
2. 4 is an SL(2)-homomorphism for the strong involution x,
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and equivalence classes of nilpotent orbits for strong involutions of (G, y).
Proof. All of the properties enumerated for (x, #) are invariant under the conjugation action
of # so G acts on such pairs. The map given is equivariant under the action of G by
conjugation, so it induces a map on G orbits.
Next we show that it maps into the G-orbits described. The element d#(XsL(2),o) must
be nilpotent as the image of a nilpotent element of a semisimple Lie algebra under a homo-
morphism of Lie algebras is nilpotent. The condition
Ad(x) o = o Ad(XsL( 2))
implies that
Ad(x) o d# = d# o Ad(XsL(2)).
In particular,
Ad(x)X = (Ad(x) o d#)(XSL(2),O)
= (d# o Ad(XsL(2)))XSL(2),o
The element XSL(2),O is in the -1 eigenspace Ad(XSL(2), so that
Ad(x)X = -d#(XSL( 2),O)
=-X.
Hence X is a nilpotent element of px and the mapping (x, #) '-+ (x, d#(XsL( 2 ),o) maps into
the given set.
Suppose (x, X) is an equivalence class of nilpotent orbits for strong involutions of (G, y).
61
By Theorem 3.1.5, there exists an SL(2)-homomorphism # for x satisfying
#(XsL(2),o) = X.
Hence the mapping is surjective and the induced mapping is as well.
Let (x 1 , #1) and (x 2 , #2) be two pairs as above with
(g -#(x 1 ), g - #1(XsL(2),O)) = (x2 , #2(XSL(2),o)).
Then g - #1 and #2 satisfy
Ad(x) o (g -#1)
Ad(x) o2
= (g -#1) o Ad(XSL(2))
= 02o Ad(XsL(2))
and
9 - q1(XsL(2),O) = #2(XsL(2),o) = X.
Hence, by Theorem 3.1.5, they are conjugate. Thus, the mapping given is injective. 0
The following key lemma will make it possible to parametrize equivalence classes of
nilpotent orbits for strong involutions of (G, y) in a different way.
Lemma 3.1.10. Let #: SL(2,C) -+ G be a homomorphism and let x E G'. Then x is a
strong involution for (G, -y) and # is an SL(2) -homomorphism for the strong involution x if
and only if the element
Y = Xq5(XSL(2))
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satisfies the properties
1. y E GT\G;
2. Ad(y) o 4 = 4; and
3. y 20(_I) E Z(G).
Proof. First, suppose x is a strong involution for (G, F) and # is an SL(2)-homomorphism
for x. Let
y = x#(xsL(2))-
Since
4(XSL(2)) E G
and
x c Gr\G,
it follows that
x4(xSL(2)) c Gr\G.
Then
Ad(y) o 4 = Ad(x4(XSL( 2)) o
= Ad(x) o # o Ad(xSL( 2)))
= Ad(x) o Ad(x) o#
= Ad(x 2 ) 00.
Since x2 E Z(G), it follows that
Ad(x 2 ) = ido
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and so
Ad(y) o 4 = 4.
In particular this implies that
Xq(XSL(2)) = O(XSL(2))X
and so
2 =y = XOb(XSL(2))Xq5(XSL(2))
= X 2 j(XSL(2)) 2 .
Since
XsL(2)= -I,
we find that
y 2 (_I)
Since
x2 E Z(G),
we find that
24(-I) E Z(G).
Thus y obeys all three properties described in the proposition.
Now suppose that
y = x4(xsL(2)) e Gr\G,
with
Ad(y) o 0 = 4
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and
y2#(-I) E Z(G).
Then since #(XsL(2)) E G, but y E Gr\G, it follows that x ( G. Therefore
Ad(x) o # = Ad(y) o Ad(xi-(2 )) o
= Ad(y) o # o Ad(x-l
Since Ad(y) o = #, it follows that
Ad(x) o = # o Ad(x1(2 ))-
As the Cartan involution on SL(2, C) given by Ad(XsL(2)) is an involution, it follows that
Ad(x) o 0 = 0 o Ad(XsL(2))
As before, the fact that Ad(y) o = 4 implies that y commutes with #(xSL(2)) and so
Since y2 E Z(G)#(-I) and #(-I)2 = (1)= I, it follows that
x2 eZ(G).
Thus x is a strong involution for (G, F) and # is an SL(2)-homomorphism for x. 5
Using Lemma 3.1.10, we can replace the datum x in the bijection of Proposition 3.1.9
with the datum y. Instead of the condition Ad(y)o# =# we will use the equivalent condition
that # maps into Gy.
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Proposition 3.1.11. The set of equivalence classes of nilpotent orbits for strong involutions
of (G, -y) is in bijection with pairs
(y, 4) E (G"\G) x Hom(SL(2, C), GY)
modulo conjugation by G, where
y20(-I) E Z(G).
The equivalence class of nilpotent orbits for strong involutions corresponding to the pair (y, p)
is the G-orbit of the pair (y p(xsL(2)), 4(XsL(2),o)
This proposition points to an invariant of each nilpotent orbit for a strong involution
of (G, -y): the conjugacy class of the element y associated to it by this proposition. Note
that y must be an element of Gr\G whose fourth power is in Z(G). The set of equivalence
classes of nilpotent orbits for strong involutions of (G, -Y) has a description in terms of even
nilpotent orbits of complex reductive Lie algebras as we will show below.
Lemma 3.1.12. The map
(y, 4) - (y, d#(Xst(2),O)
induces a bijection between pairs (y, $) E G' x Hom(SL(2, C), G ) modulo conjugation by G,
where
y2$(-) E Z(G),
and pairs (y, X) E G' x g modulo conjugation by G, where
1. X is an even nilpotent element of g' and
2. Whenever $': SL(2,C) -+ GY is a homomorphism satisfying d$'(XsL( 2),o) = X, we
have y 24!'(-I) E Z(G).
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Proof. The map (y, #) - (y, d#(XsL( 2),o) is G-equivariant so the induced map takes G-orbits
to G-orbits.
Let (y, #) be as in the proposition. The element d#(XsL(2),o) must be nilpotent since
XsL(2),o is nilpotent and d# is a homomorphism from a semisimple Lie algebra to a reductive
Lie algebra.
Let #': SL(2, C) -+ GY be another homomorphism satisfying d#'(XsL(2),o) = d#(XsL(2),o).
Then by Theorem 2.1.1, it follows that #' is conjugate to # in Gy. Since y 2 0(_I) E Z(G) and
y2 E Z(GY), it follows that #(-I) E Z(GY). Since #' and # are conjugate in GY, #(-I) and
#'(-I) are as well. As #(-I) E Z(GY) and #'(-I) is conjugate to #(-I) in GY, it follows that
0'(-I) = #(-I). Hence y2#'(-I) E Z(G). Since #(-I) E y~ 2Z(G) and y- 2 E Z(Gy), it
follows that 0(-I) E Z(GY). Then, by Proposition 2.1.4, the element X is an even nilpotent
element of Gy. Thus, the mapping maps into the set described above.
Let (y, X) be a pair as in the theorem. Then, by Proposition 2.1.3, it follows that there
exists a homomorphism #: SL(2, C) --+ G so that d4(XsL(2),o) = X. From the conditions
on (y, X), it follows that y 2#(-I) E Z(G). Hence the mapping is surjective, so the induced
mapping must be surjective as well.
Let (yi, #1 ) and (y2 , #2 ) be a pair so that g - (y2, #2) = (y1, 7#1). Then #1 ,g - #2 E
Hom(SL(2, C), Go') and g - #2(XsL(2),o) = #1(XsL(2),o). By Theorem 2.1.1, it follows that
there is an element h E G21 so that hg - #2 is conjugate to #1. Then
hg - (y 2, 42 ) = h - (Yi, g - 02)
= (y1, 1).
Thus, (yi, #1) and (y2, #2) are in the same G-orbit. Hence the induced map is injective.
0
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Using this lemma, we get the following characterization of nilpotent orbits in G.
Theorem 3.1.13. The equivalence classes of nilpotent orbits for strong involutions of (G, -Y)
are in bijection with G-orbits of pairs (y, X) E Gr x gum where
1. X is an even nilpotent element of g.
2. For every p: SL(2,C) --+ G such that d$(XsL(2),o) = X, we have y24(-I) E Z(G).
The equivalence class containing (x, X) corresponds to the G-orbit containing (x p(xSL(2), X),
where #: SL(2, C) -+ G is any homomorphism satisfying d#(XsL(2),e) = X.
The equivalence classes of even nilpotent orbits for strong involutions of (G, -Y) can be
easily characterized in this bijection.
Corollary 3.1.14. In the bijection in Theorem 3.1.13, the equivalence class of even nilpotent
orbits for strong involutions of (G, -y) correspond to G-orbits of pairs (y, X) E Gr x gy, where
1. X is an even nilpotent element of gY and
2. y 2 E Z(G).
Proof. By Proposition 2.1.4, if # satisfies d#(XSL( 2),O) = X, then X is even if and only if
#(-I) = I.
Theorem 3.1.13 allows us to compute find all nilpotent orbits for strong involutions from
the complex even nilpotent orbits and conjugacy classes of elements y so that y' E Z(G).
3.2 Conjugacy classes in G
For this section, we will assume that G is a complex, simply connected, simple group. The
automorphisms of G of finite order were classified in [9] and discussed in [6]. The classification
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is a generalization of the methods we discussed for elements of order 2. Let T be a torus
with Lie algebra t and let (R, X, Rv, Xv) be a root system for G and let 1 be a set of simple
roots. Let Xi be a set of generators of the positive root spaces ai. Let r be an automorphism
of the Dynkin diagram of order k. Then there is a unique automorphism -y, of G such that
Y7,(Xi) =X'
^(,=(Hi) H'i.
Every holomorphic automorphism of G is of the form Ad(g)Y7, for some element g E G
and some diagram automorphism r. For the remainder of this section, we fix a diagram
automorphism r of G of order one or two and let
7 = 7r
be as above. Let G' be the extended group for -y. For i=(,3, E) E (t^')* x (Z/2Z), let
g {X E g| Ad(t)x =,3(t)X, 6X = er'X}.
The Lie algebra g decomposes into joint eigenspaces of TT and 6
Let
IT= 1{31,#2, ...,. r}
69
denote a set of simple roots for the root system A(G7, T1). If r is trivial, then let #0 = a0 be
the lowest root of (g, t). If r is nontrivial, then let 00 be the lowest short root for (T" c GY)
for which 9I0l $ 0. Then
r
r = - m #
i=1
for some nonnegative integers mi. We set mo = 1 so that # = 0.
Definition 3.2.1. The fundamental alcove of (G, T) is the set of elements H E 7 such that
1. #i(H) > 0 for 1 < i < n; and
2. 0 < k Er _ m,3i(s) 1 (or equivalently -1/k #0(H) < 0).
The following theorem is proved in [1] and is closely related to results in [9].
Theorem 3.2.2. Elements z of Gr\G for which zik E Z(G) are each conjugate by G to a
unique element exp(2wriH)6, where H is in the fundamental alcove of (G, r).
This result allows one to determine the equivalence classes of holomorphic involutions
for (G, -y), as well as the G-orbits of elements y E Gr\G for which y4 E Z(G). Propositions
2.2.1 and 2.2.2 are special cases of this theorem when -r is the identity map.
The inner products between the elements 0, 3 1, ... , 3n are encoded in the affine Dynkin
diagram for (G, -y), where, as in the usual Dynkin diagram, if
( Y) = -a,
there is an edge from #i to #3 of multiplicity a. We also draw the numbers mi at each vertex
of the affine Dynkin diagram. When T is the identity automorphism of the Dynkin diagram,
the affine Dynkin diagram for (G, -y) is simply the extended Dynkin diagram of G. Affine
Dynkin diagrams allow for a way to compute the fixed points of y98, when g is of the form
of Theorem 3.2.2.
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Theorem 3.2.3. ([6], Theorem 5.15) Let H be an element of the fundamental alcove for
(G, T) such that exp(2riH) is of finite order. The Lie algebra gexp( 2 ,riH)J is a reductive Lie
algebra with maximal torus V) and simple roots
NY = {1i |I(H) = 0 (i = 1, . .. , r)} U {o (if 30(H) = 1/k)}.
Theorem 2.5.1 is a special case of this theorem.
Nilpotent orbits in gO are indexed by weighted Dynkin diagrams, which describe a
semisimple element of gy as a linear combination of fundamental coweights of fly. The
proposition below determines how to convert between an expression in the fundamental
coweights for Hy and the fundamental coweights of Ur.
Proposition 3.2.4. Let Hy be an element of the fundamental alcove for (G, r) such that
exp(2,riH,)6 is of finite order. Let y = exp(2,riH,)J. Let
Ui, = {W1, . . ., W.,}
be the simple roots for (gy, V) given by Theorem 3.2.3. Let B be the Cartan matrix for GT
with entries
Bkj = (Wk,wY)
and let A be the matrix with entries
Akj = (3k,w,).
Let HO be a semisimple element of a standard triple in gy that is contained in the maximal
torus V1 and is dominant with respect to the simple roots fly. Let b be the vector with entries
bj = w (HO). Then the matrix AB'b has entries a3 = #j(Ho).
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Proof. By Lemma 2.1.6, we have
HO E ("'
The torus 17 n (gY)' has basis { w,.. . , ogv}. Thus Hp is of the form
n
i=1
The coefficients by satisfy
V
bk = (Wk, dw
j=1
u ( v,,Y)dj
j=1
1Bkjdj,
j=1
and the vector d with entries dj satisfies
b = Bd.
The coefficients ak satisfy
S
ak = (PkE djw)
j=1
S
j=1
=1Akdj.
j=1
and so
a = Ad.
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Thus
a = AB-'b.
When (GY)' and G have the same rank, then the Dynkin diagram automorphism r is
trivial, and GY has simple roots
U,* = {#00.,7A#i_#+1, .- -n - ,}-
In that case, the expression
n
#Ii(H) = 0
i=0
can be solved directly to express the fundamental coweights for H, in terms of those for Hi.
The following proposition describes the equivalence class of strong involutions of (G, r)
corresponding to a pair (y, X) as in Theorem 3.1.13.
Proposition 3.2.5. Let y be an element of Gr such that y4 E Z(G). Then there ex-
ists a unique element H. in the fundamental alcove of (G, r) such that y is conjugate to
exp(2,riH,)6. Let 0 be a nilpotent orbit of Gy. Let 4: SL(2, C) -+ G be a homomorphism
so that d@(XSL(2),o) = X. Let HO be the dominant element of V1 conjugate to dp(HsL( 2) (so
that the values /3 i(Hp) for /3 E 11, are the values in the weighted Dynkin diagram for G).
Then yp(x-1 2 ) is conjugate by G to exp(,riHx)6 where
Hx = 2H + HO/2.
Proof. The existence and uniqueness of H. follows from Theorem 3.2.2. Let g be an element
of G such that
g - y = exp(2,riH.).
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The element
XSL(2V(i
1 0
is conjugate in SL(2, C) to
i 0
= exp(7riHsL(2)/2).
0 -
As the image of g - is in Gg'y, it follows that g -4(x-1(2 )) is conjugate by G9- to
g -4(7riHsL(2)/2). Therefore, y#(x-S( 2 )) is conjugate by G to
exp(27riHy) exp(riHsL(2)/2) = exp(,ri(2H, + Hp/ 2 )).
0
3.3 Equivalence Classes of Nilpotent Orbits for Strong
Involutions of G2
Let G be the simply connected, connected group with Lie algebra G2. We now discuss the
equivalence classes of nilpotent orbits for strong involutions of G in the context of Theorem
3.1.13. Since G2 has no diagram automorphisms, there is only one inner class of automor-
phisms of G. Let r be the identity automorphism of the Dynkin diagram of G, so that 7 =
is the identity automorphism of G. The labeled extended Dynkin diagram of G is
1 2 0
3 2 1
From this diagram and Proposition 2.2.1, the center of G is trivial.
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From Theorem 3.2.2, every conjugacy class of elements y E G satisfying y4 = 1 contains
a unique element of the form exp(27riH,), where Hy is one of 0, H 1 /4, H2/4, and H 2 /2.
Theorem 3.2.3 gives the centralizers of these as in the following table.
Hy GY Simple Roots of GY
0 G2 ai, a2
H 1 /4 A1  a 2
H 2 /4 A1  a1
H 2 /2 A 1 x A 1  ao, ai
For each even nilpotent orbit 0' in (gy), let H4 be the element of tV dominant with
respect to the simple roots II, from Theorem 3.2.3 and an element of a standard triple for
O'. The Dynkin diagram for ( contains the values ai(Hp) whenever a E ly.
When H, = 0 and H, = H2/2 the groups GY are semisimple, and two of the three values
a3 (Hp) are in the Dynkin diagram for 0 and we can fill in the remaining root ai (HO) for
the remaining root ai by solving
ao(H.0) + 3a,(HO) + 2a 1 (HO) = 0
for ai(H).
Next we consider the case when Hy = H1/4. In that case, GY has Dynkin diagram A 1 ,
so the Cartan matrix for the simple roots I is simply
B = (2).
The matrix A with entry Ai 1 = (ai, a 2 ), which is a row of the extended Cartan matrix for
G 2 is given by
A =-1 2)-
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Thus
AB-1 =-1/2 1 -
The even nilpotent orbits in type A1 have Dynkin diagrams with either a single 2 or a
single 0. For the nonzero orbit, the element HO satisfies
= -1/2 1 (2)
- (1 2 )
The case when H, = H2/4 follows similarly.
Below we have included written the values ai(HO) for each of the elements HO for even
orbits in Lie algebras gY.
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Hy G' a1(H) a 2 (HO) ao(HO)
0 0 0
0 G2 0 2 -4
2 2 -10
0 0 0
H 1/4 A1
-1 2 -1
0 0 0
H2/4 A1
2 -3 0
0 0 0
2 -3 0
H2/2 A1 x A1
0 -1 2
2 -4 2
(a1 (HO) af2(HO) )
In the correspondence in Theorem 3.1.13, the nilpotent orbit 0 corresponds to an equiv-
alence class of nilpotent orbits for the equivalence class of strong involutions G - yg(x-1 ) if
y 2 0(-I) is central. By proposition 3.2.5, the element yg(x ) is conjugate to exp(7riHx),
where H = 2Hu + HO/2. Then y 2#(-I) is central if and only Hx is an integral combination
of fundamental coweights for II. We include the values a(H.) for 0 < i < 2 in the Table
3.1. When Hx is an integral combination of fundamental coweights for H; we also include
the element H' for which exp(7riH') is conjugate to exp(iriHx) and H', in the fundamental
alcove for G, which is found by the algorithm in Proposition 2.3.4.
Table 3.1:
Data on Nilpotent Orbits for Strong Involutions of G 2
Hy GY a 1 (H4) a 2(H4) ao(HO) a1(Hx) a 2 (Hx) oO(Hx) H'
0 0 0 0 0 0 0
0 G2 0 2 -4 0 1 -2 H2
2 2 -10 1 1 -5 H2
0 0 0 1/2 0 -3/2
H1 /4 A1
-1 2 -1 0 1 -2 H2
0 0 0 0 1/2 -1
H2 /4 A1
2 -3 0 1 -1 -1 H2
0 0 0 0 1 -2 H 2
2 -3 0 1 -1/2 -2
H2/2 A 1 x A1
0 -1 2 0 1 -2
2 -4 2 1 -1 -1 H2
This chart identifies the 7 equivalence classes nilpotent elements for strong involutions of
G2 , including a single one associated to the trivial strong involution of G, and 6 associated
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to the other the equivalence class of strong involutions.
3.4 Equivalence classes of nilpotent orbits for A 4 with
the nontrivial involution
Let G = SL(5, C). Let r be the non-trivial involution of G and let y = 7- be the associ-
ated automorphism of G. We will discuss equivalence classes of nilpotent orbits for strong
involutions of (G, -y) in the context of Theorem 3.1.13. The affine Dynkin diagram for (G, r)
is
0 1 2
1 2 2
There is only one equivalence class of strong involutions for G since the only element
H E V7 satisfying the conditions in Theorem 3.2.2 is 0. This corresponds by Theorem 3.1.2
to the real group SL(5, R).
Let M 1 and M 2 be the fundamental coweights for the simple Ir of (g1, t17). The coweights
are given by
Mi = H1+H4
M 2 = H2 +H 3 .
The conjugacy classes of elements y E Gr for which of y' E Z(G) and y E Gr\G each
contain exactly one element of the form exp(27riH,)6, where H E , the element 4H. is a
linear combination of M 1 and M 2 , and
1(Hy) + 32(Hy) < 1/2.
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The possible values of H. are 0, M 1 /4, and M 2/4. The centralizers of these are listed in
the table below.
Hy G Simple Roots of Gy
0 B 2  31,0#2
H 1/4 A1 x A1  #o, 32
H2/4 B 2  #0,/#
For each even nilpotent orbit 0' in (gy), let He be the element of tV dominant with
respect to the simple roots fly from Theorem 3.2.3 and an element of a standard triple for
('. The Dynkin diagram for ( contains the values #3(Hp) whenever 3i E H. The remaining
value 3i(H4) can be calculated from the relation
3o(HO) + 23 1(HO) + 23 2(HO) = 0.
Below we have included the values fi (HO) for each of the even nilpotent orbit of each Lie
algebra gy and each root #i with 0 < i < 2.
Hy Gy 3o(HO) #1 (HO) 2(HO)
0 0 0
0 B 2  -4 2 0
-8 2 2
0 0 0
2 -4 0
H1/4 A1 x A1
0 -2 2
2 -3 2
0 0 0
H2/4 B 2  2 0 -1
2 2 -3
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In the correspondence in Theorem 3.1.13, the nilpotent orbit 0 corresponds to an equiv-
alence class of nilpotent orbits for the equivalence class of strong involutions G - y#(x1 2)),
whenever y 20(-I) is central. By Proposition 3.2.5, y#(x( 2 )) is conjugate by G to exp(riH2),
where
Hx = 2Hy + HO/2.
Prom this, it follows that
y2#(-I) = exp(27riHx)
and y 2#(-I) is central if and only if H2 is an integral combination of fundamental coweights
for H.
Table 3.2 includes the coefficients of the element Hx in terms of the fundamental coweights
for 1,.
The conversion from fundamental coweights for U1, to fundamental coweights for fl is
found in [6], chapter 10, Example 2 after Lemma 5.11. In this case,
M1 = Hi + H4
M 2 = H2 + H-
Hence, an element of V7 is an integral combination of fundamental coweights for II if and
only if it is an integral combination of coweights for UrI.
By Theorem 3.1.13, Proposition 3.1.8 and Theorem 3.1.5, The 7 pairs (Hr, HO) for which
Hx is an integral combination of fundamental coweights for frI correspond to the seven
nilpotent orbits in SL(5, R).
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Table 3.2:
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Data on Nilpotent Orbits for Strong Involutions of (SL5 ,7)
H, G exp(2,riH,) 'ao0(H ) 01 (HO) #2(HO) #0o(H2) 1 (Hx) #2 (Hx)
0 0 0 0 0 0
0 B2  -4 2 0 -2 1 0
-8 2 2 -4 1 1
0 0 0 -1 1/2 0
2 -1 0 0 0 0
H1/4 A1 x A1
O -2 2 -1 -1/2 1
2 -3 2 0 -1 1
0 0 0 -1 0 1/2
H2/4 B 2  2 0 -1 0 0 0
2 2 -3 0 1 -1
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